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Abstract 

Y. Hironaka introduced the spherical functions on the p-adic space of Hermi- 
tian matrices. For the space of 2 x 2 Hermitian matrices, we complete Hironaka's 
work by also considering the case of a wildly ramified quadratic extension. We 
compute the spherical functions explicitly and obtain the functional equations. 
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Notation 

• E - Local p-adic field. 

• E* =E-{0}. 

• Oe The ring of integers of E. 

• 0* E -The units of E - 

• % - A uniformizer of E . 

• E - The residue field of the field E . 

• \\e - The p-adic absolute value on E normalized such that |7r|£ = \E\ 

• ve - The valuation map corresponding to | • \e- 

• F - A quadratic extension of E. 

• N = Np/E,Tr = Tr F /E - The Norm and Trace maps. 
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• GJ - A uniformizer of F. 

• q = #F. 

• 1 1 = I \f - The p-adic absolute value of F normalized by |fij| =q~ l - 

• Vf - The valuation map corresponding to \-\f- 

• x i y x - The conjugation map of the field extension. 

• s = vp[(GJ) • GJ — 1] - The number is defined only if F/E is ramified. 

• /=[§]- The largest integer k such that k < |. 

• A e 1 + ti"Oe ,p eO* E - Fixed elements such that A = 1 + pn s £ N(F). 

• x* - The non trivial character of E* /N(F* ) . 

• 1a - The characteristic function of a set A. 

• G=GL 2 (F). 

• K = GL 2 {0 F ). 

• For a group A and a normal subgroup B we denote by [x] A / B to be the coset xB 
of an element x e A. 

2 Introduction 



Let £ be a p-adic local field and F a quadratic extension of E. Let Of be the 
ring of integers of F, G = GL 2 (F), and K = GL 2 (0 F ). Set A* = A* . Let X = {A e 
GL 2 (F) | A* = A}. We note that the group G acts on X by g ■ x = gxg*. 

We denote by C°°(K\X) the space of complex-valued Zf-invariant functions on X 
and S(K\X) C C°°(7r\X) the subspace of all compactly supported K invariant functions 
on X. Let J^f(G,K) be the Hecke algebra of G with respect to K : the space of all 
compactly supported ^-bi-invariant complex valued functions on G. 

Let dg be the Haar measure on G normalized by j lK<Jg= 1 . The algebra J^(G,K) 

G 

acts on C°°(K\X) and on S(K\X) by the convolution product: 

/■«(*) = Jf(g)Hg~ K x)dg. 

G 

Under this action we call e C°°(K\X) a spherical function on X if is a common 
J^(G,/r)-eigenfunction. 
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Recall that in a quadratic extension we have the following maps: N : F* — > E*, Tr : 
F — > E , where: 

N(x) = xx, Tr(x) =x + x. 



Let (51,52) € C 2 , X11X2 characters of E* /N(F*) , x € X . Hironaka introduced in 
H[l-4] the following function : 

L(x,XuX2,si,s 2 ) = [ Y\Xi{di{k-x))\di{k-x)\ Si dk, 
J ,1=1 

K' 

where dk is the Haar measure on K normalized such that Jdk = 1 , 

K 

di(y) =yi,i, d 2 (y)=det(y) andK' = {keK\Y\\di{k-x)\^0}. 

1=1 

It is known that this integral converges absolutely for Re(s\),Re(s2) > and admits 
a meromorphic continuation to a rational function in q Sl , q S2 . 



We transform the variables s = (s\,s s ) € C 2 to new variables z= (zi,Z2) by the 
following equations: 

s\=Z%-Z\-\ 

52 = -Z2 + 1- 

It is known that this function is indeed a spherical function IIH1I and for any / € 
J(?{G,K) we have 

[/•£(*,Xi,X2,z)]M =/(z) xL(x,Xi,X2,z), 
where f(z) is defined to be the Satake transform: 




f(s)^2 Z (g)dg 



G 



and $2z(g) = |«i| 2zi 2 |a2| 2z2+ ^ where 01,02 are determined by the Iwasawa de- 
composition: 

.)(' 0' teK - 

By abuse of notation we denote L(x,X\,X2,z) = L(x,Xi,X2,s(z)). 

If the field extension is ramified, it is known that s = Vf[U5~ l (flj) — 1] is an invariant 
of the field extension F/E (see |FV) Ch3 p. 70 ) . 
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Hironaka computed L(x,Xi,X2,z) for the following cases 1H5IIH21 : 

The case where the field extension F /E is unramified, the case where the fields 
extension F/E is ramified and \2\ = 1 (Tamely Ramified), and the case where the field 
extension F/E is ramified , \2\e < 1 and s — 1,2 (Wildly Ramified). Hironaka also 
proved that the spherical functions satisfy a functional equation |H3| and used it to 
compute the spherical functions for general G — GL„ in Case 1 . 

In this paper we complete Hironaka' s calculation of Case 3 for the case of general 
uniformizer n of E and general s. We compute the spherical functions defined above 
and provide the general functional equations. Our computation is by brute force and 
applies properties of the Norm and Trace maps in a quadratic extension of local fields. 

Chapter 3 of this work will be dedicated to the summary of the facts we need from 
the local field theory. In Chapter 4 we compute useful (and interesting) p-adic integrals 
that we use in Chapters 7 and 8 . In Chapter 5 we explicate convenient representatives 
of K\X , following Jacobowitz [J| . In Chapter 6 we state the main theorems of this 
work regarding the computation of the spherical functions and the functional equation. 
In Chapters 7 and 8 we prove the main theorem of Chapter 6. 

It is our hope that the functional equations can be used in the future to calculate 
the spherical functions for general GL n (F) case as was shown in BH41 101 with the 
Casselman-Shalika basis method ICS1 . 

Spherical functions on the Hermitian spaces X are related to the concept of local 
densities MH4I IH51 IHSII and calculation of the spherical functions for GL n can be used 
to calculate the local densities , which are important in several aspects. 

Integrals of the form J \a + Tr(bx) + cN(x)\ z F dx appear naturally in many places. 

o F 

It is hoped that their computation will have further applications 

I would like to thank my advisors Dr. Omer Offen and Ass. Prof. Moshe Baruch 
from the Technion for introducing me to this subject and for their endless help and 
support for the last 2 years. 



3 Local Fields Properties: 

Let £ be a p-adic local field, and F /E a quadratic extension. We normalize the 
absolute value on F by |flj| = .We denote by Vf, ve the corresponding valuation 
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maps. 

We recall without proofs facts and properties from local class field theory, proofs 
can be found in ([FV|, Chapter 3). 

We distinguish between the following cases of extension: 
Case 1: The unramifled case 

F/E is an unramifled extension. We denote \F\ — q 2 , \E\ — q. For convenience, 
we take % = G7. 

Case 2: The tamely ramified case 

F/E is totally ramified and Char(E) ^ 2. We denote q = \E\ = \F\. For conve- 
nience, we take % = N(CS) . 

Case 3: The wildly ramified case 

F/E is totally ramified and Char(E) — 2. We denote q — \E\ — \F\. For conve- 
nience, we take n = N(UJ) . 



Theorem 3.1. Let F/E be a wildly ramified extension, then : 

1. The number s = Vf 1 CJ) — 1] does not depend on the choice of the uniformizer 

m. 

2.0<s< 2v E (2). 

3. If s is even then s — 2ve(2). 

Proof of Theorem l3. 1 I could be found in [FV| ,p. 75. 
Theorem l3.1l motivates us to distinguish between two types of extensions: 



Ramified Prime (RP) 

The extension F/E is wildly ramified extension and the invariant s is even. It can 
be shown MFV1 that if F/E is RP then F = E{\f%') , where %' is some uniformizer of 
E . 
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Ramified Unit (RU) 

The extension F/E is wildly ramified extensi on and the i nvariant s is odd. Again, 
it can be shown that if F/E is RU then F = E(Vl + 5n 2k+l ) for some 8 G 0* E . One 
can take a uniformizer on F to be GJ' = 1+ V l +^ 2 ^_ ^ note ^i^,^ _ g-iy j± 
quick calculation shows that s = 2ve{2) — (2k + 1) > 0. 

Example 3.1. Consider the extension F/E where F = Q2(v / 2) , E = Q 2 . 

Since \2\ F = \V2-V2\ F = 2" 1 \y/2\ F = ^/T l , but 2 is known to be the uni- 
formizer of Q2, hence this extension is ramified. (\m\ F > \k\f)- We take GJ = \/2- 
Note that s = v/r(^l - 1) = v F {^ - 1) = v F {-\ - 1) = v F {-2) = 2 . Therefore 
this extension is a RP extension. 

Example 3.2. Consider the extension F/E where F = Qi{^/—5) , E = Q2. 
By one of the definitions of the absolute value | • \ F : 

\a + V^5b\ F = ^J\a 2 + 5b 2 \ E , a,beE. 

Therefore: |1 + >/— 5\ F = \/\6\e = V2 . So F/E is ramified extension. 
One can take G7 = 1 + v 7 — 5. We calculate: 

.-M^-l)-*^)-*^)-^)-*!^-!-!-!. 

We conclude that F/E is a ramified unit extension. Note that F = £ , (y 1 + (—3) • 2 1 . 

3.1 The Norm 

For ;' > ,we denote by A,;/? (resp. A;^) the natural map Xi. F : (1 + 7C ! (3/r) — > F 
^i,f(*) = G7~'(x — 1) moc/ £<J(9f 

and 

A lr E(x) = 7C~'(x— 1) moc/ ^(9f. 
Denote the residue map by Aox : Ok K, (K = E,F) . 
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We summarize the properties of the norm by the following diagrams: 

Case 1-Unramifled : 

The following diagrams commute: 



VF 



x2 




F/E 



(3.1) 



1 + (D'Of — F ,i>\ 



"f/e 

h.E 

1 + n'0 E - — >- E 



Tr- 



'f/e 



Case 2- Tamely ramified 



E* =F* 

Nf/e 



VE 



id 



h>,F - 
F E = F 



"f/e 



O e 



1 + UJ Of — ' — *■ E — F 



"f/e 



1 + n'0 E 



h,E 



x2 



AnAN{\+W 2i - l O F ) =N(l+® 2i O F ). 



Case 3- wildly ramified 



Let 77 e 0* F to be such that § = 1 + r\m s . 
Denote K = \ f {t]). 



The following diagrams commute: 



For i < s: 



Nf/e 




F ^E = F 



N F /E 



E 



(3.2) 



1 + a' F -^->- E = F 



(3.3) 



*F/E 



1 + rtO E 



\+® s O f 



■E=F 



(3.4) 



"F/E 



x yx iC'X 



\ + n s E 



K,E 



(Note that the homomorphism x i->- x 2 — k ■ x is an additive homomorphism with 
kernel of size 2) 
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For j > 



1 + ® s+2j F 



s+2j,F 



E = F 



(3.5) 



1 + 7Z S+ J0 E 

and N(l + U5 s+i F ) = N{\ + tD s+i+1 F ) if i > and 2 f i. 

Proofs for commutativity could be found in [FV | p. 68-73. 

We will use throughout this paper the following corollaries ( Case 3): 
Corollary 3.1. N{\ + U5 s+l O F ) = \ + it s+l O E . 

Proof. From (13.5b we conclude that since the map x >-> x X K is a surjective homomor- 



phism between the additive groups F — > £ and form the commutativity of diagram 
that for z" > s , every ball of radius q~' in 1 + k s+1 Oe contains an element that is a norm, 
thus N(l + W s+x O F ) is dense in 1 + k s+1 Oe- From compactness of 1 + W s+x O F we 
haveJV(l +Q s+l O F ) = 1 + 7t s+l O E ■ □ 



Corollary 3.2. [1 + n s O E : N(l + m s O F )] = 2. 

Proof. Follows from commutativity of (13.4-b and the last corollary 



□ 



Corollary 3.3. Let x,y e n'0* E , If \x-y\ E < q' s ^ then x e iV(F) <S=^ y G iV(F) . 

Proof. Since 7T is a norm we can assume w.l.o.g that i = 0. We have from the last 
corollary and the commutativity of ( 13.11 ) thatJV(0|.) is a union of cosets of 1 + K s+l O E , 
thus if \x — y\ E < q~ s then they are in the same coset and we have x € N(0* F ) y £ 
N{0* F ). ' □ 



Example. Consider F /E from example s. II Note that F = E = F2 (The field with two 
elements) . Note that s = 2, and K = 1 . we have: 



1+20 F 



^F/E 



A 2.l 



1+4Z 2 *-F 2 

Since the image of the map: y/ : F 2 — > F2 , y(x) i-> x 2 — x is {0} we conclude from the 
commutativity of the diagram that: 

jV(l+20 f ) = l+8Z 2 . 
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3.2 The Trace 

In the wildly ramified case (Case 3) the following holds: 

Trp/E^Op) = K^O E , =s+l + [(i- 1 -s)/2\. 

Proof could be found in HFVL p. 71. 

Explicitly, 

RP: 

s = 2l,l = V E (2) 
Tr{W 2i O F ) = K l+i O E 
Tr(® 2i - l O F ) = K ,+i O E 



RU: 

s = 2l + \ 

Tr(® 2i O F ) = n l+l+i O E 
Tr\w 2i - l O E ) = n l+i O E 



4 Useful Integrals 

Lemma 4.1. Let H and G be compact abelian topological groups with Haar measures 
Hh,Hg an d <j> -H — > G a surjective ( continuous) homomorphism, then the push-forward 
measure /Xh* = Hh ° ~ 1 is cm invariant Haar measure on G and jin* — ^"(g) ' 

Proof. Because the characters span a dense subset in L 1 (G, jio) it is sufficient to show 
that f xdfiH* = for any non-trivial character % . But f xdfJ-H* — /Z^MMMtfM = 

G G H 

0, since %(<j>(x)) is an non trivial character of H . We obtain the multiplicative factor 
between the measures from integrating over the trivial character. □ 

Remark 4.1. The conditions of the previous lemma can be further generalized. 



Take jJ. E ,H F to be the Haar measures on E,F normalized by 



IIe{O e )=IIf{O f ) = \. 



Lemma 4.2. For n>\ 



li F [N- x {l+K"0* E )]=ii F {N- l [{l + K n O E )-{l+n n+x O E )]) 
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Case 2. ^jrrr- 



{q-\)q- {n+ ^ ifn<s 
Case 3. { (q-2)q-^ ifn = s 
2{q-\)q- {n+ ^ ifn>S 



Proof. In Case 1, since N(0* F ) = 0* E we conclude that the push-forward of the mul- 
tiplicative Haar measure of 0* F is an multiplicative Haar measure of 0* E . In 0* F the 
additive and multiplicative measures coincide, so we get that 

^ F * = „ (n*\ VE = -, "Me = (1+4 )MB- 

H-e{O e ) l-q 

Since + = <T"(1 we get that: 

+^ n O|) = (1 +q- 1 ) -q-"(l -q- 1 ) = £=± 

In Case 2, we have N(l + (DO) = 1 + %Oe ■ Since this case is ramified, we have 
that Hf(O p ) = He(0* e ). SoH F [N\il m0p (l + 7C n O E )]=q-»(l-q- 1 ) (N\i+ m o F is the 
restriction of the norm to 1 + U50 F ) ■ But since the norm induces the square map 
between the groups 



N : 



0* F 01 



\+U50 F \ + kO e 
The size of the kernel of the this map is 2. We have that : 

N-\l + n n O* E ) = a-N\^ mOF (l + 7t"O E )0N\^ mOF (l + n n O E ), 
where a is a non trivial representative of the kernel of N. So: 



+ 7t"0* E ) = 2n P [N\^ a0F (\ + 7t"0* E )} = 



In Case 3 we have N(l + W s+1 Of ) = 1 + k s+x Oe ■ So if we restrict the norm to 
1 + W s+l O F we have /I* = fi E . 



From the diagrams of Section I3TD that the norm map induces an homomorphism of 
the finite groups: 

~ . 1 + ®0 F l + nO E 
' 1 +Q s+l O F 1 + K s + l O E ' 
The size of the kernel of this map is 2. 
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We have that for n > s: 



N-\\ + tz"0* e ) = a[N\;l ms+1()F (l + n n O* E )]QN\;l ms+lOF (l + n n 0%), 

^\i+m s+1 F 1S me restriction of the norm to 1 + GJ s+1 Of), where a is a representative 
element of the kernel of N. But since N\ 1+bjs +i 0f is surjective on 1 + k s+1 Oe we can 



use Lemma l4.1l to obtain: 

pi F [N-\\ + K"0* E )] = 2He(1 + K n O* E ) = 2(1 - q- l )q-". 

For n = s , we can conclude from (|33I > that A^ 1 (1 + K s O* E ) = 'l/a^l + U5 s+1 Of), 

z'=l 

where the a, are representatives of the cosets that are the preimages ofN. So fi E (N~ (1 H 

n s O* E )) = {q-2)q-^ . 

For n < s the norm induces an isomorphism between the finite groups 1+fi ^+i 

and 1+ Jg lo£ , therefore ii F (N~\\ + ^D) = + ^«|) = (<? - l)^ 1 ) , al- 
together we obtain the result above. 

□ 

Corollary 4.1. (easel) 



xeO F 



Proof. Note that —1 is a norm, hence — 1 = £ • £ for some £ E 0* F . We substitute 

I |l+tf(*)|'i<fc= I |l-A^(y)r^y= y |(-i)+tf(y)|irfy. 

.vgO/t yeOf ieOf 

The integrand is equal to 1 for values of y such that N(y) ^ — 1 mod nO E . From ( 13.1b 
q + 1 (the size of the kernel of iVp ^) cosets of CJi- are map to the coset of — 1 . It is easy 
to see that the integrand is also equal to 1 in the set UJO E . Therefore: 

Mf(-1+0 £ )_ - 2 + ? " ?2 ■ 
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It follows immediately from Lemma 1431 that the integral is equal to the following 
geometric sum: 



<7 2 - 1 - 1 , T - 1 „-m-n _ ( l 2 - ( i- 1 , ( l 2 - 1 f 1 Sl 1 



1 1 +N(x)\« dx = Z 1— i + £ 



q z f<n i L i 2 i 2 V 1 - ? S1 1 . 

x&Op 

□ 



For the next lemmas, let J* be a non trivial character of E* that is trivial on N(F) . 
We will define x*(0) = 0. 



Lemma 4.3. (Case 3 J Le* < m < s+ 1 , G 0% ,then J %* (1 + 0n m N(x))dx = 
Proof. First, we show that the integrand is constant on the (additive) cosets of group 

Of . 

m s+\-mQ F ■ 

If x € W s+l -' n O F then #*(1 + 97C m N(x)) = 1 by corollaryO 

Let x,y <E 0* F . Assume that x = yu , where u £ 1 + CJ ,!+ m Of (that is, they are in 

the same coset of B , s +?-m )■ We know ( see Section IXTT) that iV(w) € 1 + 7r 5+1 ~ m <9 £ . 

So JV(w) = 1 + n s+1 - m V, V e F . Then : 

1 + Bn m N{x) = 1 + 9n m N(y)N(u) = 1 + 07r"W(y) + 8, 8 = n s+1 0v. 

Recall from Sectionl3~T1. that for gi,g2 € OJj if |gi - £2] < <7~' s ,then g\ e iV(F) if 
and only if g2 S AT(F) , since |5| < q~ s we conclude that: 

X *{\ + 6n'"N(x)) =x*(\ + en m N{y)). 
We conclude that the integrand is constant on the cosets of ; , ? F „,„ . 

Since s + 1 — m < s+ 1, we conclude from the ( 13. Ib . d3.3b that the norm map defines 
a bijection between the groups : 

F Or , 

For x e <9/r , we denote by [x]h the coset of x in H (and similarly for the rest of the 
group in this proof). 

Since the integrand is well defined over H , integrating over Of is equivalent to 
summing over H: 

f x*{l + 0n m N(x))dx = iiF(a s+l - m OF) L x*{\ + en m N{h)) 
J [%e« 
xeO F 
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We use the bijection N to calculate the sum over H'\ 

E X *{[l + en m N{h)] H )= E Z *(l + 07r"V) 

[h] H eH [h'] h /eH' 

The group ^ + ^„ is isomorphic to the multiplicative group:f/ = ^^ s +?q by the 
map iff : ([x}h') n> [1 + 7r m 0x]j/, so we get another bijection: 

F 1 + it m Of 

V' n .s+\-mQ F ^ 1 + ' 

The previous bijection tells us that summing over H' is equivalent to summing 
over the multiplicative group U by u — \jf(h), so 

E x*{^ + 0n m h')= E **(«). 

This sum surely vanish, since it is a summation of a non trivial character of U. □ 
Lemma 4.4. (Case 3) Let <m < s , € 0% then f #*(1 + dn m N{x))dx = 

Proof. From Lemma FOl 

y ^*(l + 07T"W(x))c/x = O 

It is enough to prove that: 

y Z*(l + 0^"W(jc))t/x = O. 

By substituting x = fljy, we get: 

y x*{\ + en m N{x))dx = q- 1 j x*(l + 07Z m+l N(y))dy 

By Lemma l4~3l we conclude that the last integral vanishes. □ 



Lemma 4.5. (Case 3) Let F/E a ramified extension of case 3 and Tj G 0* F then if 
Re{s\) > — j, and s\ = —Z\ +Z2 — \ we have 

^2 _ g 2z 2 -l +z *(_ ?7) . {qS (2 zl -2 Z2 ) + 2 zl (2^-2^+2^-1) 
|77+^V(x)| = g 2z 2 _ g 2z, 

A G Of 

(4.2) 
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Proof. Suppose — 77 <^ N(F) . Let - veil K s Oe be an element that is not a norm, 
note that -v = (-ju) • £ and e e N(F*), that is e = aa for some a e 0* F . By making 
coordinate transformation ay = x, we can assume w.l.o.g that — 77 e 1 + % s Oe- 



In the coset GJ(9/7, it is easy to see that the integrand is equal to 1 . 

The norm map induces an isomorphism N[ : \+®q f \+kOe ^ rie s 1 uare rnap 
x — > x 2 of the finite group F* = E*) and so q — 2 cosets of 1+ *^ do not map by A^i 
to the coset 1 + %Oe (the coset of — 77) and so N(x) — (— 77) e (9^ and the integrand on 
those cosets is equal to 1 . 

So far we have: 

j \ri+N(x)\ s, dx = q- l + J \r]+N(x)\ Sl dx = 

xeOf xeOp 

q~^ + (q-2)q-\ + J |?J +N(x)\ Sl dx. 
Hf(®O f ) n F [o* F -(i+mo F )} xe\+mo F 

Then for any 1 < ; < s we have that the norm map induce a isomorphism 

1 + GJ'Of 1 + n l O E 



N 2 : 



\ + m i+l o F \ + n i+l OE 



(The square map of the additive groups F = E). So, for each i , q—1 cosets of ^^f+fq 

do not map to the coset 1 + tz 1+x 0e (the coset of —77) and the value of the integrand is 
q~ 2lSl . We have: 



f \r]+N{x)\^dx = q- l + ^Jl + Y j q- 2isi (q-l)q- i - l + f I (-»?) -N(x) \ Sl dx. 

J q , = i J 

xeO F xe\+w s O F 

Since -77 ^ N(l + m s O F ) and [(-77) + X s Oe] n iV(l + GJ*0f) = 0, we have that 
in 1 + GT s 0f the integrand is equal to q~ 2si ' s . 

Altogether: 

r 5-1 

/ |tj+AT(x)|^Jjc= (l-^-^^^i-Uy + ^C-^i-i) = 
xeo F 

q 2z.2_ q 2 Z2 -l +q (2zi-2z 2 ).i+2z. 2 -l _ ^(2 Zl -2 Z2 )+2 Zl 
? 2j 2 _ ^2 Zl 
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Suppose —77 <E N(F). Then —77 = N(v), V G 0* F by the substitution vy = x and 
Lemma j4.2j : 

J \ri+N(x)\- zl+Z2 -?dx= J \ -l+N(y)\- zl+Z2 ~?dy = 
xeO F yeO F 

(l-q- 1 )Y i q {2zi - 2Z2)J + 2 £ {\-q- l )q (2zi - 2z ^ + q s ^- 2z ^ 
j=0 j=s+l 

q 2 Z2 _ q 2z 2 -l + q (2zi-2z 2 )s+2zi _ ? .v(2 zl -2 Z2 )+2z 2 -l 
q 2z 2 _ q2zi 

□ 

Representative of the K-Orbits (Ramified dyadic) 
5 Classification of K-Orbits 

We summarize results obtained by Jacobowitz [J| that classified Hermitian lattices 
over local fields (Of-module equipped with a Hermitian product (•, -}l . An Hermitian 
lattice with basis {x^} can be represented by an Hermitian matrix: L^^ = {x%,x^)l 
and equivalence classes of lattices correspond to orbits of Hermitian matrices under 
the action of K given by k ■ x — kxk* ,k E K,x £ X. 

The following definitions are also presented on [J|. We translate them in term of 
matrices: 

Definition 5.1. An hermitian matrix is called GT' modular if for every primitive vector 
x e M„,i (that is, a vector x = (x,), 3z'o, 1 < io < n s.t x, G 0* F ) there is a vector w G M n \ 
such that w*Ax — U5' . 



Definition 5.2. The norm ideal: nL The ideal of Of generated by elements (v, v)i,ve 



Definition 5.3. The scalar ideal sL The Ideal generated by (v,iv)i,v,w€Mi.„(Of) 



Definition 5.4. dL = det{L) (modN(F) ) G E*/N(F). 
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Definition 5.5. flj' -modular hyperbolic matrix: H(i) 



( 



GT 
W 



) 



The norm ideal, the scalar ideal, dL and US 1 — modularity are all invariants of the 
lattice under the action of K. 

Jacobowitz investigated the ramified non-dyadic case relevant for our problem. 
It was shown : 

1. Every Hermitian matrix is equivalent to the direct sum of flj' modular 2x2 and 
lxl Hermitian matrices. 

2. In the case of RP : n ■ H(i) = Q s+2i O F 
In the case of RU: n ■ H(i) = W s - l+2i O F 

3. If L is GJ' modular then:« • H(i) Cn-L 

We conclude the following representatives of K\X in the case :n-H(i) —n-L: 
RP 

1 -modular matrices: 




CJ-modular matrices: 




RU 



1 -modular matrices: 




GJ-modular matrices: 




Now, suppose n-H(i) <Zn-L = (D 2m Of : 



The other d'— modular planes: (see[J| p. 459) 
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RP 

1 -modular matrices: 
< 2m < s 

. ( 7C m 1 \ . / n m 
4 - 1 ' 5 - 1 



GJ-modular matrices: 

< 2m < s + 2 
f 7t m bj \ f % m m 
\W )> \W 7t s -' n+l f 

RU 

1 -modular matrices: 
< 2m < s — 1 

n m 1 \ , / 7t m 1 



4 ' ' i o ) ' 5 ' V i it s - m p 



£<J-modular matrices: 
< 2m < s + 1 

n m US \ ( % m flj 

m J ' v W 7t-' n+i 



We now deal with the case when the lattice is a sum of two ^'-modular matrices: 

We have the following representatives: 
(Both RP and RU) 



7t Al £i 

(see JB p. 463) 



, Xi > X2, £; G {l,A},£i = 1 if Ai — ki < S 



The representative we presented (beside the diagonals) are the 1 and GJ modular 
representatives , up to multiplying by the scalar it" {a G Z) , this are all the representa- 
tives of K\X . 

We denote by [K\X] to be the set of representatives that were have presented. 
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6 The spherical functions for Case 3: 



L{x,Zi,X2,si,sz) = fXi(di(k-x)) ■ \di{k ■ x)\ s ^ x 2 {d 2 {k ■ x)) ■ \d 2 {k ■ x)\ S2 dk 



We denote : z — (zi,Z 2 )- 
For any a\,a 2 ,z\Z 2 € C 

((a u a 2 ),(b u b 2 )) = ((a u a 2 ),z) = a Y z\+a 2 z 2 

By abuse of notation we will some times denote: 

L(x,X\,X 2 ,z\,z 2 ) = L(x,Xi ) X2,Si(z),s 2 (z)) 

From now on we will denote by a S {<7i , <7 2 } — T. 2 C Aut(C(q ±Zl ,q ±Z2 )) where : 

U\ = Id 

(J 2 (q zl )=q Z2 , <J 2 (q Z2 )=q Zi 
Theorem 6.1. Let x e [K\X] and 



as was defined in Section\2\then L(x 1 X\,X2tZ\,Z 2 ) is equal to the following : 



K' 



Substitute: 



Z\ +Z 2 - 2 
Z2 + J 




RP: 



l 1 L(x,x*,X2,zi,z 2 ) =0unless* 



( 



7t Xl £l 



) 



with X\ — X 2 > s 



7t l2 e 2 




) 



with X\ — X 2 > s then: (Hironaka ) 



L(x,x*,X2,z) = 



\+ q - 1 q W 



)x £ a( 



aeZ 2 
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3. 



T(( K £l ^ 1 r. 7 w Q(!i^ v 



4. 

! J,l,X2,z)- ^npi L ^ 2 _ 9 2 Z1 J 

5. 

L( ( m )' 1 '^, Z )==Z2(-i)(i-^V + ^- 2K V (zi+Z2) [^pr] 

6. 

L( ( 7 -i P ) ' 1jZ2 ' z) = *2(-A)<r 2 ^+y-(zi+z2) 

7. 

< m < § 

L( ( *i ) ' 1 '* 2 ' z) = 
< m < § + 1 

i(( „ J,1,*2,Z) = 

_ fetziklZ g"' 2 ': 2 ryW /J ((«,2+.v-m),2z) _((j+l-m,m+l),2z)-l\i 
~ ?-' + ! 9 2z 2-^l [ ^ [q q ! > 



< m < § 



1 -7T 

to (-A) g "- 2 ^2 



1 

s—m. 



,1,Z2,Z) 



^'"2- ? 2 
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10. 

< m < | + 1 

L \ m -x°- m P )' 1,Z2 ' z) 

_ fc(-A)?""^ l2:2 r rfT / g « m ; 2+ — » A > - 



1,2,3 are the same as the RP case. 
4. 

L(( ! 1 ),l,»,r)=9»(-D(l-9- 1 )9- 2 *[^ " 



5. 



6. 

f ^.T ? +] j ,Z 2 ,z) = fe(-A)9-^+i 
V ay -n~rp J 

For the following representatives: 

i.( k : \\*.( n z ?wr l ^ io. r ^ ro 



i o y — y m o j— y i -n s - w p j — -n s ~ m p 

the result is the same as RP Case.. 
And any a <E E*, 

L(ax,X,si,s 2 ) = \a[ n+2s2 Xi(a) ■ X2{a) 2 L(x,Xu X2,si,s 2 ) (6.1) 



So one can calculate the spherical function for any K orbit in X. 



The proof of the theorem will be given in chapters 7 and 8. 



6.1 Functional Equations 

A corollary that follows from Theorem (16. Il l is the following functional equations: 
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Define L(x, %\ , Xi, z) = q 2szi L{x, %\,%2, z) 
Then : 

*2,Z2,Zl) = -Z*(-l)i(-^,l,Z*Z2,Zl,Z2) 

And actually if we define: 
Xi =cof 1 co 2 

Z2 = C0 2 - 1 

We have the following functional equations : 
If OiO^ 1 = 1 then : 

L(x,0)2,©i,Z2,Zl) = -Z*(-l)Z,(x,Z*0) 1 ,Z*C(J2,Zl,Z2) 

If Oi co^ 1 7^ 1 then: 

L(x,fi) 2 ,© 1 ,z 2 ,zi)=^-^2j5^L(x,r©i,rt»2,zi,Z2) 

Remark 6.1. The previous transformation of characters comes form the fact that if we 
define 9\(a) = w\(a)\a\ Zl and 62(0) = w 2 (a)\a\ Z2 then for p = ^ ° ^ j we have 

d(p-x) = xM(p-x)) ■ \d x (p-x)\^ -X2(d 2 (p-x)) ■ \d 2 ( P -x)\^ = e x (a) • 62(d) ■ 8?(p) ■ 
d(x) , where 8p(p) is the modular character of the Borel subgroup, this property is 
related to the principal series representation of GL2(F). 

7 Calculation of L(x, 1 , Xi , z) : 

We will compute the integral over cosets of the Iwahori subgroup, B 

*=(* b d )eK,be*0 F . 

B has the factorization: 

B=N-AN+frO F )=( 1 ?V « ° )(l y) = ( ai a Z \ 
v ; \ t 1 J \ a 2 J \ 1 J \ ait a\ty + a 2 J 

Where 01,026 0} , t e Of, y € WOf- 
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The Haar measure on B , is taken to be dt x da\ x t/«2 X <fy , where: 



dt— the Haar measure on Op normalized to be 1, da\^da*i- the Haar measure of 0* F 
normalized to be 1 and dy- the Haar measure on 07 Of normalized to be q^ 1 . 

Overall we have /Xg(B) = q~ l . 

Here is a list of coset representatives for B\K : 
bi=i \ 1* j if < i < q and r,- are representative of F, q — \F\ 



and b q+ \ 
So: 



1 

1 



r.7 I a \ aiy + am \ ... . / fliy oi 

Bbi= \ , \ if 1 < ; < o and Bfc a+ i = 

V aif a\t\y + ri)+a2 J V fl i f 3' + fl 2 «if 

Instead of integrating on ^, we integrated over the different cosets of B using the 
Haar measure of B. 

We want to normalize the Haar measure to be pLo{K) — 1 ,so we normalize the 
measure on each coset by multiplying by -^j-. 



Let A — \ _ , be a fixed Hermitian matrix and C = k ■ A ■ k' then using the 
\c b ) 

factorization on k one can parametrize C as follows: 



d (c)= | N(ai)-[a + Tr(c(y + n))+bN(y + n)] k^Bb,i<q+\ 
\ N{a l )-[aN{y) + Tr{cy)+b] k e Bb q+l 

In the first step of the proof we show that we can actually integrate over K instead of 
K', from now on we will assume that the characters of F*are defined on 0, say:^,(0) = 
0. 

Lemma 7.1. Let A € X be a fixed Hermitian matrix. Then fi^ measure of the set 
{keK\di(k-A)=0}isO. 

Proof. By (17. j} , it is sufficient to show that the inverse image of a point of the trace 
and norm maps is of measure zero. Note that the trace and norm maps: Tr : Of —> 
Tt{Of), N : 0* F — >• N(0* F ) are surjective homomorphisms, and that the Haar measure 
of Tr(OF),N(0* F ) (being an open sets) is the induced measure of Oe, ^(respectively). 
In particular the measure of a singleton is 0. We use Lemma 14.11 to deduce that the 
measure of the inverse images is also 0. □ 
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Lemma 7.2. 



L(x,Xi,X2,si,s 2 ) = J X\{d\{k-x))-\dx{k-x)\ Si X2{d2(k-x))-\d2{k-x)\ sl dk ■■ 



qX2(det{x))\det(x)\ S2 



J \a + Tr(ct) + bN(t)\ Sl Xi (a + Tr{ct) + bN(t))dt+ 



o h 



q + 1 

\aN(y) + Tr(cy)+b\^Xi(aN(y) + Tr(cy) +b)dy}. 
mo F 

Proof. For any /eL 1 ^): 



f(k-x)db 

K ' 'k=bbjEBbi 

Using d7.1| ) and the Haar measure of B, We have: 

L(x, XuX2 , Sh S 2 )= 9Jh^))\^)r- [l f Xl (a + T r (c(y + ri ))+bN(y + n))-\a + Tr(c(y + n))+bN(y + n)\ Si dy 

•=lyemo F 



+ J Xl {oN(y) + Tr(cy) + b) ■ \aN(y) + Tr(cy) + b\ Si dy] . 
yemo F 

The last equation follows from the facts that |A^(ai)| = 1, Xi(N(ai)) = 1 and that 
\det(k-x)\ = \det(x)\. 

Notice that performing the first sum is equivalent to integrating over Of . Alto- 
gether we obtain our formula . □ 

7.1 Calculation L(x, 1 , %2-,z) on the diagonal elements 

We use LemmafL2]to calculate the various cases. 



On the diagonal representatives: 



.v - 



L(x,l,X2,si,s 2 ) 
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' J\n Xi ei + n^e 2 N(t)\ Sl dt+ J \e 2 n^ + e l n^N(y)\ sl dy\ = 



q- l + l 

o F ®o F 



9+1 J El J El 



o F mo F 



The second integrand is the constant 1 since \N(y) \ < 1 if y e (DOp- 
Note that for any t e F - GS^'^Of, we have +N(0| 51 = k| 2si and so 

we can calculate this integral easily on this space: 



Ai— A 2 — l 



,-+1 



^(A 1 -A 2 )(-2.s- 1 ) /" 1^+^)1^ + 4-!]. 

After the substitution GJ^ 1 _;l2 y = t , we get: 



7 £2 9 

Of 



q ^ 2 1 • ^ 2 ' t,lZ2+2 ' l2Z1 ^2(£l£2) <? 2z2 —q 2z2 ~ l — q( 2z '~ 2z ^(^~^ +2z i + q( 2z i- 2z -2)(M-h)+2z2-i 

L ^ 1 ^ = ^-TTl^ t q 2z 2 - q 2z l 

+ 9 (A,-A 2 )(2z 1 -2 Z2 ) /* 1^+^)1*1^ + ^-1]. (7.2) 

7 £2 

Of 

There are two cases: 
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Case 1: -%i N(F) : We have by Lemmag3]: 

o, 2z 2 _„2z 2 -l , „(2zi-2z 2 )i+2z2-l _ „i(2zi-2j 2 )+2zi 

1 +A^(f)|^r — ^ q ' ' 



o F 



' £ 2 q 2z2 - q 2zi 

We set this into Eq l7.2l 



q~ l + l q 2z 2-q 2z > 



q 2z l (s+?L l )+2z2h+2z2-i _ q 2zi(s+X l )+2z 2 h+2zi _ q 2zi-\+2(X l +s)z 2 +21 2 z l 



q2z 2 — q2z\ q2z2 _ q2z, 



A 2 7 A 1 



-2i'Z2 



q~^~ X2{£\£2)q 
q^ + l 

Case 2:-f e N(F): We have 

p, „2z 2 _ „2z 2 -l _ „i-(2zi-2z 2 )+2z2-l 1 „(2zi-2z 2 )s+2zi 

\^ + N(t)\ s >dt=V q - 2—= = ±* 

'e 2 Wl q2z2- q 2z 1 

Setting this into Eq l7.2l 

Z2(£l£ 2 ) <? 2 <-2+2(A 1 +.v)z2+2A 2 z 1 



-1 



Of 



£(•*,!, #2, z) 



+ l L q 2zi --q 2z i 



+q 2z l (.s+l l )+(l 2 -s)2z 2 +2z l _ q 2z l (s+X l )+(X 2 -s)2z 2 +2z 2 -l _ q 2z l -l+2(X l +s)z 2 +2l 2 z l 



q 2z 2 — q 2z i q2z2 — q2z\ 



q^X2(eie 2 )q ^ [q{{ x x+sM ),2z), q 2z, _ q 2z 2 -x )+( p 2 M+sm {q 2z 2 _ q 2z,-i 
(q +\){q lz *-q lz ^) 
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7.2 Calculating L(x, 1 , X2,z) on the non diagonal elements: 



Letjc= ( -^c ^ )■ Using Lemma l7.2l : 



IfliVCyJ + rrC^yJ + ftl' 1 ^]. 



In the following section we will make use of Lemma [4T| and [32] (coordinate sub- 
stitution). 



7.2.1 RP case 

Recall : I = f, Tr(® 2i O F ) = 7t l+i O E , Tr{® 2i - l O F ) = 7t l+i O E . 
1. 



1 

1 



£(*,l,*2,*i,*2) = pT^f[ / \Tr(t)\ s 'dt+ J \Tr(y)\«dy]. 

xeOp yemO F 

We substitute u = Tr{t), v = 7>()>) 

1,^2,^1^2) = y 1 ( ~| ) [ y \ u \«du+ J iv^dv}. 

ugk'Oe veit l+l OE 
The integrals above are simple and reduces to geometric sums: 

L(^^ )Z2l , 1) , 2 ) = ^^[£^(l-,- 1 ),(^M,0 + £^ (1 _,- 1) ,(/ + 0(-2, 1 ) 
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x2 (-l)(l- q -l) q -y° 

,-1 



9 1 i=0 i=l 



q- l + l l l-q- 2s >- 1 l-q- 2s i- l> ' 

After simplifying this expression and performing the transformation s H> z, we ob- 
tain: 



Z2 (-l)(l - q -l)q>-«* y(^2>(^. +^2) 

ifc = [ — — ] 



2. 

v - 1 W 



L(x,l,X2,sus 2 ) = X2{ q _l^ l 2S2 { I \Tr{mTdt+ f \Tr(Wy)r dy]. 

xeO F yemo F 



Jfe(-1)9 



-2i 2 +l 



y |7>(z<)| sl dK + y \Tr(u)\ Si du}. 



q- l + l 

uemo F uem 2 o F 



Similarly to the previous calculations, we substitute v = Tr(t),y = Tr(u), and 
use Lemma |4~T1 Note that the image of both transformations coincides 7m(GJ0y) — 
Im{U5 2 OF) — % 1+1 Oe, but the multiplicative factors (The "Jacobians") are different: 



L(x,l >X 2 ) SuS 2 ) = X2{ ^ y\ q l / Iv^dv + q'- 1 I \y\ s 'dy] 



q- l + l 



7=1 
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Substituting s H> z: 



q +i ;=1 ;=1 



»(-!)(! -9- 1 )9 2ft+ ' 9 ,(2 ll - 2ia+ i) [ . q 2zi , ^ 



+ l l q 2z 2-q 2z i q 2 ^-q 2z i- 



<7 1 + 1 ~ 9 9 l q 2z 2~q 2z i ' q 2z 2-q 2z i 

After simplifying this expression, we get: 



L(x ) i,^, Z )=^(-i)(i- g -v + ^~ te v (zi+Z2) [ ^^ r : 



3. 

a:2 1 

1 -7T2p 



1 + n s p =A£ N(F* 



L(x,l, X 2^us 2 )^^ r ^l[J\^+Tr(t)-7tipN(x)\ s 'dt + J \n$N(y) + Tr(y) - nip \ 



F mo 



Because |7V(y)|, \n?N(y)\ < 1 (see Sections [3721 and IXTT l. we conclude that the 
second integrand is constant in UJOf- 



L(x,hX2,Si,s 2 ) = ^rrlif |** +Tr(t)-7Z?pN(t)\ s >dt + q-^- 1 +q-^- 1 ]. 

q l + l J 



(7.3) 



Since \N(t)\ = 1 if t e 0* F , and N(t ~ l )Tr(t) = Tr{r l ), one can verify : 
\ni + Tr(t) - n?pN(t)\ sl = \n$N(j) + Tr{\) - n%p\ Si 

Setting this into (17731 : 
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^*,l,*2,ii,i2) = ^r^ll [ \KlN{j) + Trih-xl P \*dt + q- M i- 1 +q-"> h 
q 1 +1 J t t 

0} 



We substitute u 



L{x,l,Xi,^2) = ^^[!\^N{u) + Tr{u)-%ip\^du+2q- s ^- 1 ]. (7.4) 

O} 

We use the following identity: 

7t?N(u) + Tr(u) = {miu + GJ~i)(Wlu + m~i)-7t~i = N{m^u + m^^) - n~ s i 
Setting this identity into (I7.41 >: 

L(x, 1, Xz,si ,s 2 ) = [y \N{tn i u + ©-2 ) - tT 2 - nt p \ s> du + 2q- ss ^ 1 } = 

o' F 

_ ^ [ y |^JV(0j5M + p-f)-^-2-^p| i ldM + 29 _Ml - 1 ] = 



Z 2 (-A) 



Y 4^|;r s [Ar(GJ s w + l) - (l + 7l s p)]\ Sl du+2q- s V| ' i 



Since 1 + 7T s p is not a norm, we have [Af(GJ 4 M + 1) — (1 + 7t s p)} = 7Z s rj, rj € 0* E 
(see Section lXTI ). we have: 



q l + l J 



%4r^lq- S - S1 (l-q- 1 )+2q-^- 1 } = ^^[q~^ 



Substituting s H> z: 
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L(x,l, X 2,z) = X2 (-A)q- 2 ^ + h Hzi+Z2) - 

4. 

( ^ 1 A A 

x =[ i o ) < m < 3 

L(x,l,X2,si,s 2 ) = ^^[J\n m + Tr(t)^dt+ J \n m N(y) + Tr(y)\^dy}. 

F mo 

We have that | Tr{t) \ < \ n m | (see Section ( 13.2b ), and so the first integrand is constant: 

L(*,l,X2,*i,*2) = ^t^[q-^ m + J \7t m N(y) + Tr(y)\ s >dy}. (7.5) 

We use the following identity: 

% m N{y) + Tr(y) = {a}-'" + W"y)(G>- m + W m y) - n~ m = N(®-' n + W n y) - %~ m . 
We set it into ( 1731 ): 

L(xA,X2,si,s 2 ) = ^TT[q- 2sim + q 2mSi [ \N(1 + 7i m y) - l\«dy]. 
q +1 J 

mo F 

We substitute u = % m y : 

L(x,l,X2,s 1 ,s 2 ) = ^t^[q- 2s ^ + q 2ms ^ m f \N(l+u)-l\*du]. 

q +1 J 

m lm + l o F 

We substitute t = 1 + u : 

L( X A,X2,SuS 2 ) = ^^[q- 2sim + q* mi+2m [ \N(t) - l^dt]. 

q ' + 1 J 

i+m 2m + l F 
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We use Lemma H~2l The last integral splits to 3 different sums: 

L{x,l,X2,si,s 2 ) = ^^[q- 2sim +q 2mi+2m [ £ 2(1 -?- 1 )?~ 2£l, ~ , ' + (?-2)g- , - 1 ?- 2 * il - 
s-1 



c/-' + l , 
i=i+l 



i=2m+ 1 

After calculating the sums and substituting s H- z, we have: 

+( 9 - 2)<f ! («> + 1 ' 2 * }] . 

Simplifying this expression once more, we get: 
_5. 

jc = _ _ 0<m<4+l 



L(x,l,y 2|Jl , J2 ) = Xl{ ^^ S2 [f\K m + Tr{m)\ sl dt+ J \7C m N(y) + Tr(Wy)\^dy}. 

Of mOp 

Once again, note that \n m + Tr(m)\ Si = q~ 2si "' for any t e Of ■ (see SectionfJ^li. 
We substitute u = GJy: 



L(x,l,X2,si,S2) = XZ{ J?* 2 [q^+q [ \n'"- l N(u) +Tr(u)\«du]. 
q l + l J 
m 2 o F 

We use the identity: x m - x N{u) + Tr(u) = N(lB x ~ m + GS m - l u) - n 1 '™ to get: 
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L(X,1, X 2,S1,S 2 ) = X2(_^^ 2 [q -2ms l + q l+( m -l)2 Sl J \ N (X + K ^ u) _ X \H du] 



m 2 o F 

Substitute y = % m ~ x u: 



L(x, l, X 2,si,s 2 ) = X2 q ^l^ \<f 2msi +q 2m - 1+{m - 1)2si J \N(l+y)-l\^dy]. 



-2s 2 

q-imsi _^_qLxn— i+(m— ijzs 

m 2+Hm-l) 0f 

Substitute t = 1 +y: 



L(x, 1,X2,SUS 2 )= X2{ | )( f - [q- 2mSl + qlm-l+im-Ws! I \ N ( t )-l^ dt ]. 

q +1 J 

i+m 2m o F 



We calculate the last integral by using Lemma l4~2l . 

L(x,l, X 2,s u s 2 ) = Xl{ Z] )q T 2 {l- lmsi +^+(-i)+(-i)^ x 



[ £ 2(1 q l )q ^ ' • u, 2)q ' \, - • £ 9 : - \\ q ')]} 

i=s-\-l i—lm 



Substituting s^-z and simplifying the expression, we get: 

L(x,l, X 2,z) = Xl{ ~_ l ) q T V 2 "" 1 + ? '"+(» 1 - 1 )( 2 «-^) ; 



2 (7 (2zi-2 Z2 )( i +l)+2z 2 (2 zl -2 Z2 )2m+2 Z2 (2 Zl -2 Z2 ).v+2 Z2 ,„ „ , 



? 2 Z2 _ q 2zi q 2 Z2 - q 2z, 
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<- l) q (2zi-2z 2 )2m+2z2--i _ ( q _l) q {2zi-2z 2 )s+2z2-l ( ? _ 2 y(2a-2*)-l+2a „ ( ? _ 2 y(2 zl -2 Z2 )- 



g2z 2 _ g2 Zl q 2z 2 _ ? 2?i 



We extract and simplify the different elements in this expression: 



Y,f_ 1 \„-2sz2-\+m „m2zi + (2-m+s)2j2 Js+2-m)2zi+m2z2 

_ /I (m+l)2 zl +(l-m+i)2z 2 -l _ _(i+l-m)2zi+(l+m)2z2-l 

+ ? 1 

q 2z 2 - q 2z\ 

Note that q 2szi L(x 1 \,X2,z) is an antisymmetric function. We can express L(x, 1,^2jZ) 
as follows: 



9 +1 q ^ — q il a 



6. 

' 7T m 1 
1 —K s ~ m p 



, <m< 



L(x,l, X 2,Si,s 2 ) = ^-^ [J \% m + Tr{t)-% s - m pN{tTdt+ J \K m N{y) + Tr(y)-n s - m p\^dy] 



Of ®O f 



Because \Tr(0 F )\ < \%h | (see Section^ and \n s ' m \ < \n\ m , we have that 
the first integrand is constant: 



L(x,l, X2 ,s l ,s 2 ) = qX ^ + ^ [q- 2m ^+ J \n m N(y) + Tr(y)-% s - m P \^dy]. (7.6) 

mo F 

We use the identity K m N(y) + Tr(y) = N(®-'" + GJ m y) - n~ m and set it into Eq|731 
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mo F 



[q- 2m ^ +q 2msi J \N(1 + n' n y) - (1 + 7C s p)\ Sl dy]. 



Xi(-A) 

q~ l + l 

mo F 



Substituting t — 1 + n m y: 



q ' + 1 J 

i+m 2m+1 o F 

(7.7) 

■f-i 

We calculate the last integral by decomposing l+GJ 2m+1 Of = U (1 + G7 ; 0|-)U 

7=2m+ 1 

(i + as s o F ). 

From Section [3~Tl we deduce that for any t € 1 +p l O F and 2m + 1 < i < s the value 

Of |^(f)-(l+7T s p)|^is^- 2 "'. 

Because 1 + n s p N(F), in the subgroup 1 + W s Of the integrand is simply q~ 2s ' Sl . 
Altogether, we have: 



L(x,l, X 2,s U s 2 ) = ^T^[q- 2m - Sl + q 2 ^ +2 >»( £ (1 -q- l )q-'q- i2 ^ + q~ V^' )] : 
1 + 1 i=2m+l 



I2( A) ^-2m- J i +g 2 W l+2m ( £ q (- 2si -l)i + qS (-2s l -l)^ 
1 +^ i=2m+1 



S-l 

I 

z'=2m+l 

We simplify the sum and substitute 5 H> z to get: 

#2(— A) ^'«(2zi-2z 2 +l)+2z2 _^m-(2zi-2z 2 + l)+2j 1 



,(2 Zl -2 Z2 )(2m+l) _ „(2z,-2z 2 ) i - 



q 2mSl+2m ( q - x _ q2zi -l +q^-^)] 
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X2{—&)q' n q~ 2sZ2 ^ m2z i+( 1_m +' s ) 2z 2 q(s+l-m)2zi+m2z2 



q~ l + l q 2z i-q 2z i q 2z > - q 2z2 

And after further manipulations: 

y^l — K\a m ~ 2szr2 „ a {{m,l-m+s),2£) 
H ~ 1 a H 1 

7. 

' % m p \ 

rS +l-m n > 0<m<§ + l. 



p -7l^ L ~"'p 



o F mo F 



L(x,l,X2,z) = Xl{ ^ 52 []>"' + Tr(m) - n s+{ - m pN{t)\ s ^dt + J \n m N{y) 



Tr(®y)-n s+l -' n p\ Sl dy] 

Similarly to the previous calculations the first integrand is also constant, so 



L(x, l, X 2,Si,s 2 )= X2{ q ^l^ 2 [q- 2 '" si + I I it" 1 ' l N(ay) + Tr(SJy) - n>+ l -"'p \«dy] . 



-2.V2 

• 9 -ami 4 

mo f 

We substitute u = UJy: 

,-2s3 



L{x,\, X 2^,s 2 ) = Xl{ ^ ^ - [q- 2m ^ +q J \n m - l N{u) + Tr{u)-n s+l - m p\^du]. 

m 2 o F 

(7.8) 

We use the identity: n m ~ l N(u) + Tr(u) = N{® 1 ~'" + G7 m_1 z<) - ft 1 "'" and set it to 
EqESJ 



L(x,l, X2 ,s uS2 ) = ^-^3^1 [ q - 2 ^ +q J |iv(cj 1 -« + aj»- 1 „) - n 1 - 7r 4 + 1 -'"p | 

flj 2 0/r 



X 2 (-A) g - 2 ^ 
q~ l + l 



[ q - 2 >nH +g l + (m-l)2s 1 J \ N ^ + n} 2m-2^ _ (1 + ^p)^] . 



m 2 F 
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We substitute t — 1 + GJ 2 '"~ 2 m : 



L(x,l, X 2,si,s 2 ) = X2{ q ^l^ 2 [q~ 2msi + q (m - 1)2,1 +2m ~ 1 / \N(t) — (l + n s p)\ Sl dt]. 



-2.v 2 

i+m 2m o F 

The calculation of the integral is similar to the calculation of the integral in Eq 17.71 



L(x,l, X2 , Sl , S2 ) = Xl{ _^ 2 [q- 2 ^ +q (>»-m2z 2 -2 zi ) +m{ £ 9 (-2 fl -i)i +? -, 9 - 2M1)]> 



We substitute s H> z: 



^r_£jq2z 2 -\+m-{s+l)2z 2 q m2zi+(2+s-m)2z2+2z 2 q (s-m+2)2z\+m2z 2 
q~ l + l ' q 2 "- - q 2z i q 2 ^ - q 2 -i 



m—l—s2z2 fj{(m,2+s—m),2z) 



q2*-q2, »' 



7.2.2 RU case 

Recall that / = , Tr{U5 2i O F ) = 7l l+1+i O E and Tr{W 2i - l O F ) = n l+i O E . 
h 

X ~ — s+l 

L(x,l, X 2,si,S2) = X2( :-ilT 2 [J\^+Tr(m)-n^ P N(tTdt+ J \n^N(y) + 

O f WO f 

Tr{my)-K S ~^r p\ s 'dy] 

s+l 

Similarly to previous calculation, the second integrand is constant because | n t~ p | > 
\x^N{y) + Tr{my) \ (see SectionEB . 
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L(x,l,X2,Si,s 2 ) = Xl{ A * [ / \7t^ +Tr(m)-K S ¥pN(tTdt + q( s+1 K-^- 1 }. 

Of 

We have that: 

J +Tr(mt) - pN{t)\ s> dt = J |7T^ + Tr{m)-n^ L pN(t)\ Sl dt + . 

Of 0} 

J \7t^ +Tr(m)-7t^ 1 pN(t)\ s, dt = 
mo F 

j +Tr{m)-n s - i rpN{t)\ Si dt + q^ { -^-\ 

So : 

L(x,l >X2) s u s 2 ) = ^t^l [f\ Jc ^ +T r (®y)-7C^ P N(y)\ s idy+2q( s+1 K-^- 1 }-- 
q ' + 1 J 

o* 

* 2( ~f )q T [ ! \^ N (~) + ?>(-) - ^Prdy + lq^-*^] 
q '+1 J y y 

o- F 

We substitute u = ~ : 

1 , Z2,*i , * 2 ) = ^t^- [|| ^jV(«) + Tr(Wu) - p \^du + 2q^-^-\ 

o* 

(7.9) 

S-\- 1 S-\- 1 1 —5 —5— 1 

We use the identity: %~^N{u)+Tr{pu)=N{(W^u + US^) — X~^~ and setitto 
EalT9l 



L(x,hX2,z) = qX2{ ~ A) f * [ f mitn^u+tn^-^-^p^du+iq^-^ 
q + i J 

CP 
F 
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q+l 



[ J \n^N{{m s u + \) - tt 1 ? - n s4 r p)\ Si du + 2q {s+l ^-^- 1 ] 



o 



Xl{ ~ A ^Jl [J\ n ¥ [ N {{® s it + 1) - (1 + Tl s P )]\^du + 2q^ +l ^- 1 ] 



But, as in the RP case, we have: N((D s u + !) — (! + K s p) = K s r\ , Tj G 0\ 



Substitute s H> z : 

*.(*,l,*2,z) =Z2(-A)^ 2 ^+f [^+D( Z 1+ Z2 )]. 

2. 



1 

1 



L(x,l, X2 , Sl ,s 2 ) = ^l[f\Tr(t))\^dt+ J \Tr(y)\°Hy] 
o F mo F 

Similarly to the RP case , we use !3.2l to the substitution u — Tr(t), v — Tr(y) 
have: 



L{ Xl \ :X 2,SuS2)^^\[q ,+ l J \u\^du + ql f \v\^dv] 

n'+ l E %' +i O E 

Calculation on the integrals above results in geometric sums: 
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L(*J,X2,*l,*2) = %y%L^ 2( ' + ^ 

Q 1 + 1 f-i i~i 



[£^- 2 ^>^ - - ^-^ + 1)] = ^(i - ^-^^c-i)^ 2 ^ 
i + 1 i=i i=i 



We substitute s i-» z' 



L(x,l^ 2)Z )=^ 2 (-l)(l- 9 - 1 )^^ +2 ^[-f^ 

~ zz 2 — /7 Z < 1 



q^-q<- 



3. 



X 



L(x,l, X2 ,s uS2 ) = ^ ^jLp- [ J \Tr(mWdt+ J \Tr(®y)\ s >dy - 



F mo F 



%2{ ll q q -x +X [/ \Tr(t))\ Sl dt+ J \Tr(y)\«dy] 
mOp bs 2 o f 

We substitute u = Tr(t), v = Tr(y): (See Section |3~2l and Lemma |4~TT > 



l+q- 



L(x,l,x 2 ,si,s 2 )= \ , „_! [ / |k| Si ^«+ / |v| Sl rfv] 



E 



i+< 7 ,= i i=2 

We compute the geometric sums and simplify: 
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1+^-! L l_ 9 -2i!-l l_ 9 -2s x -l- 

Substitute s M> z: 



Z2 (_l)^I 9 /(2 Z i-2 Z2 +l) (1 _ ? -l) 2 Zl+ 2z 2 ^ 



1 + q~ 1 L g 2z 2 - g 2z i g 2z 2 - q 2 <i 



X2 (-l)(l -q-l)q^q-^ ^ +2p 



8 Calculation of L(x, , # 2 , z) 

In the following two subsections we prove that on most of the representatives the 
spherical function vanish. 

For this section, A,,Z?,, C,, .. will denote constants that are resulted from different 
coordinate transformation. 



8.1 Calculation on non-diagonal representatives 



Recall that for x ~ ( — c f ) . we have from lT2l : 
1 07 b 1 



L(x, \, X 2,si,s 2 ) = ^£M1M^ [J | a + rr^f) +bN(t)\« dt + / |^(y) + rr(^y) + 



We will denote : 



Of mo F 



h= J \a + Tr(Wt) + bN(t)\ Sl dt 
o F 

h= J \aN{y) + Tr{U} c y)+b\^dy. 
mo F 
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8.1.1 Common Representatives for RP and RU 



1. x 



CO" 
W" 



L(xa*,X2,s) = ^^[jx*(Tr(m a t))\Tr(W a t)\ Sl dt+ J X *(T r (W't))\Tr(W a t)\ S, dt} 
Of mo F 

After substitution u = Tr(UJ a t) (see Lemma [3721 Lemma |4~TT > we have: 

f X*{Tr{m a t))\Tr{m a t)\ s 'dt=A x f %* (u)\u\ S{ du = f X *(u)\u\ Sl du 

m k o F n h O E 7tJo% 

Where h is defined by Tr(0J a+k O F ) = K h O E - 



But: J %*(u)\u\ n du = q~ 2 -i s, ~ j J %*{y)dy* = 0, since %* is a non trivial charac- 
niO* E 0% 
ter on 0* E , the integral on each term vanishes, so L(x,x* ,X2>z) = 



n m 1 
2. v = ! j -ji s - m p < m < ^ 

• We show that /i = 0: 



2 



A = y + ?>(0 - ^ m pA?(f))|7r m + Tr(t) - K s - m pN{t)\ Si dt 



Of 



Note that \Tr(t) - n s ~ m pN(t)\ < \n m \ (see Section [TO]) and so the absolute value 
is constant: 



h =Ai j x*{n m + Tr{t)-n s - m pN{t))dt 



Of 

We use the identity: % m + Tr{t) - n s -' n pN{t) = % m + ^ - n s -' n pN{t - ^) to 
have: 
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/jj-m—s jj-m—s 
X*{7Z"' + - K s - m P N{t-- ))dt 
P P 



o F 



Denote by A2 = X*( IL p-) » tnen we have: 



%*{l + n s p-n 2[s - m) p 2 N{t-—))dt =A 2 J %*{l + n s p -N{n s -' n pt -\))dt. 



Of O f 
We Substitute u = n s ~ m pt — 1, we have: 



h=A 3 J X*{\ + K s p-N(u))du. 



l+m 2 ( s - m )o F 

We substitute v = N(u), note that N(l + CJ 2( '^ m) F ) = 1 + 7t^~ m+s O E (see ITU 
We make use of Lemma |4~T1: 



we have 



We substitute s = {\+% s p)-t. Note that K s p - k^" 1+s Oe = Tt s p{\ +k^' v Oe), 
so for the substitution K s py = s we get: 

h=A 4 J x\s)ds=A s J x *(y)dy 

7t s p(l+7t§~ m O B ) i+7ti~ m E 

Because 1 + ni~ m OF contains non norm elements, the character %* is a non trivial 
character of the group 1 + n^~ m OE and the integral vanish. 



• Now we show that: 
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h= I %*{K m N(y) + Tr(y)-n s - m P )\n m N(y) + Tr(y)-K s - m P \ s idy = G 
mo F 

We have already shown in our calculation of this representative in Section 7.2 that: 



h = J %*{n m N(y) + Tr(y) - vT^p ) | K m N{y) + Tr(y) - 7Z s -"'p |« dy = 
mo 

Bi J X*(N(t)-(l + 7Z s p))\N(t)-(l + 7Z s pTdt] 
i+m m+l o F 

The Norm induces an homomorphism : 

\+® m+l O F 1+k"' +1 O f 



N : 



\ + m s+l O F l + n s+l O F 



On each coset the \N(t) — (1 + 7T s p)|*' is a constant function. (By our corollaries in 
SectionEB 

Note that q- s < \N(t) - (1 + n s p)\ E < q-'"- 1 since N(t) € 1 + rc" ,+1 £ and 1 + 
n s p $N(F*). 



We integrate on the different coset of the form + GJ S+ F ) C 1 + W n+ F 



h= J X*(N(t)~(l+7: s p))\N(t)-(l + 7: s p)\^dy^ B - J X* (N(t) - (1 + K s p))dt 
i+m'"+ l o F ' ai(i+m s+l O F ) 

Now we show that each integral in the different terms vanish: 



h,,= J %*{N{t)-{l + 7fp))\dt. 

ai(\+a s + [ F ) 

We Substitute u = N(t) (note that N(l + ® s+l O F ) = 1 + 7t s+l O E ), by making use 
of Lemma l4~T1 we get: 

h,i = C\ j x*(u-(l+n s p))du 
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We substitute 77 = u — (1 + 7C s p). Since we know that q s < \t]\e < q m 1 , we 
deduce that we can present the integral in the following form: 



h,i=c 2 J x*(n)dn, 



where e 0* F and m + 1 < k < s . We substitute again y — %^ k ^ x ■ rj to get: 



C 3 j x*(y)dy = 0. 



\+K s + l ~ k O E 

Since 1 + 7t s+l ~ k OE contains a non-norm elements, ^*is a non-trivial character and 
the integral vanish. 



' 1 m -7t s - m p 

A similar proof to the previous representative show that L(x, X*, s i ,$2) = 0. 



4. 

' % m 1 
1 

• We prove that h = J %* [% m + Tr(t))\n" 1 + Tr(t)\ si dt = 
o F 

We substitute u = Tr{t). We know that (see Section^ Tr{0 F ) = 7t h O F , j<h< 
i + 1: 



Jx*{7t m + Tr(t))\7t m + Tr(t)\ s 'dt=Ai J X *{x m + u)\x m + u\ S[ du. 

Of 7i h O E 

Since m < h the absolute value is constant. We have: 

h=A 2 J x*{n'" + t)dt=A 3 J x*{t)dt = 

J Of 1+kI'-"'Oe 

Since h — m < s + 1 we have that the group 1 + % h ~ m OE contains a non norm 
elements and hence x* is a non-trivial character and the integral vanishes. 
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• We show that I2 = 0. We have already shown in Section l7.2.1l 

h= J X*(n m N(y) + Tr(y))\n m N(y)+Tr(y)\°idy]=B 1 J X *( N (t)-l)\N(t)- 
mo F l+m 2m+1 F 

For every 2m +1 < £ we show that the integral vanish on the set N~ 1 ( 1 + n k O* E ) n 
{\+m 2m+l O F ) : 

For k < s + 1 the set A^ 1 (1 + n k O* E ) n (1 + GJ 2m+1 C>F) can be represented as a 
union of cosets: 

n- 1 (1 + % k o* E ) n (1 + oj 2 "' +1 Of) = Ufl<[i + m s+1 o P ]. 

i 

On each coset the absolute value is constant ans so: 

J x*m)-l)\N(t)-l\^dt = Y,Q J X *(N(t)-l)dt 

N- 1 {l+it k o* E )n(l+w' 2m + 1 o F ) ' ai\i+m s+l o F ] 

We substitute N(t) — 1 = u (use Lemma |4~T| and Section [3Tt , then on each term in 
the sum: 

J x*(N{t)-l)dt=Ai J X *(u)du 

cij[l+m s + l O F ] N{ai)[l+7: s + l O F }-l 

But we know that \u\e = q~ k and so we can represent the domain of integration as: 

N{ai){l + n s+l O E )-\ = A; + rc s+1 £ , 17/ G 0* E 

We have: 

J x*{u-l)du= J x*i u )du 

N(a t )[l+Z s+1 E ] n k r\i+n s + l OE 

We substitute s = %~ k ry[ u and get: 



f X*(u)du= J x*(«)ds = 



n k r)i+it s + l O E l+n s+[ - k O E 
46 



Since 1 + n s+1 k E contains a non-norm elements %* is a non-trivial character and 
the integral vanish. 



For s+ 1 < k we can represents 1 (1 +n k O* E ) n 1 + ® 2m+1 F = Ua,-(1 + tD k+1 F ) 

i 

Now we integrate on coset of the form a,- ( 1 + GJ k+ l O F ), similarly the absolute value 
is constant: 



J ^(Ar(o-i)iMo-ir^=iA J x*{N{ t )-\)dt. 

N- l (i+7i k o* E )r\(\+m 2m + x o F ) ' ai[i+m k+l o F ] 

We substitute N(t) — 1 = u. On each term : 

J x*(N{t)-\)dt= J X *(u)du 

a;[l+aj* +1 F ] N(ai)(l+K k +'0 E ) 

But |m|£ = <7 _A: so one can represent the domain of integration as: 

N{ ai ){\ + n k+l O E ) = 7z k r ii + n k+l O E , tj, e £ 
We have by making the substitution y = 7t~ k rif 1 : 

J X *{u)du=D J x*(y)dy = o. 

K k r\i+x k + l O E 1+kOe 

We showed that / X*(N(t) - l)\N(t) - l\ si dt = for every 

n- 1 ( l + n k o E ) n ( l +m 2m + 1 F ) 
2m + 1 < k , and so : 

J x*(N(t) - l)\N(t) -l\ Si dt = 0^/ 2 = 0. 

5. 



x = 



W 



A similar proof to the previous will show that L(x, X*,si,si) = 0. 
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8.1.2 RP representative: 



L(x,l, X 2,z) = ^Tyl I %*{ni+Tr(t) - TtipN{t))\ni +Tr(t) - *&pN{t)\«dt- 
q ' + 1 J 

F 

jX*(n i N(y) + Tr{y) -n^p)\niN{y) + Triy) -n?p\ s >dy}. 



mo 

• We show that I\ = 0: 



h= Jx*(n$+Tr(t)-7lipN(t))\7t% +Tr(t)-7t?pN(t)\ Sl dt (8.1) 
F 

Setting the following identity to ( 18.11 ): 



% 2 % 2 



pn^N{t) + Tr(u) = (®?at + a- l W^){mat + oc = N{% s pt 



/_ s _ s _ s _ s 

x *(jci _ U. N ^ pt + i) + —)\7ci - —N(n s pt + l) + — \^dt 
P P P P 

F 

Simplifying this expression, we have: 

h =A j X*{\+K s p-N{K s pt + \))\\ + K s p-N{K s pu + \)\ Sl dt. 
F 

We Substitute u = 1 + n s pt: 

h=A j x*(l + n s p-N(u))\l+7t s p-N(u)\ s >dt. 

l+K s O F 

Since N{u) € 1 + % s O E and 1 + n 5 p £ N(F*) we have that \N(u) - (1 + n s p)\ 

q -2- S Sl . 



h=B J x*(\ + n s p-N(u))du. 



l+n s O F 
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Substitute v = N(u) : 

h=C J x*{{l + n s p)-v)dv. 

l+x 2s O E 

Substitute y=\ + n s p - v : 



h=D I %*(y)dy. 



Substitute t = n~ s p~ l y: 

h=E j X*(y)dy = 0. 

l+K s O E 

• We Show that I2 = 0, since the absolute value in the integral is constant, we have 
that: 

h = Jx* i^-N{y) + Tr{y) - p)\n*N(y) + Tr{y) - n$ p |' s ' dy = 
mo 

A 2 J x*(^N(y) + Tr(y)-K?p)dy 
mo F 

We use the identity: 



7t^N{y) + Tr(y) = (GJ 2 + miy)(tS~i + GJ2 y) - % 2 = N(m i+tBly)-% 2. 
Setting it into the integral we get: 

J x*(n?N(y) + Tr(y)-7t?p)dy= J %*{N{m'i + GJ2 y) - %~h - %h p)dy = 
J X*(N(\+® s y)-{\+K s p))dy 



mo F ®o F 



mo F 

We substitute t = 1 + ® s y to get: 



/ 2 =A 3 f X*(N(t)-(\+K s p))dx 



i+m s+l O F 

We substitute u = N(x) and use Lemma [4~TI : 
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h=A 4 J x*{u-{\+n s p)du 



(8.2) 

l+X s+l O E 

We substitute v = u — (1+ n"p) 



h=A 5 J X*(v)dv. 



-X s p + 7Z s + l E 

We substitute — n s p ■ £ = v to get: 



h=A 6 J X *(Qd^=0. 



l + 7tO E 

Since 1 + kOe contains a non-norm, %* is a non-trivial character and the integral 
vanish. 



8.1.3 RU representative: 



x ■ 



s+l 

s+l 



Showing that L(x,%* ,s\,sz) = is similar to the RP equivalent representative in 
Subsection l8.1.2l 

8.2 Calculating L(%* , X2 , x, z) on the diagonal representatives. 



X ■ 



By Lemma [7721 

rrw* v ^ g^ L ^ lZ2+A2Z 'Z2(£i£2)z*(£2) rf , M 
L[x,x ,Xz,si,s 2 ) = 1 + 1 [A+^2j 

Where: 

7i= / ^*(w A i^|-|-Ar(^))|^i- A 2|+^)| il djc 
/2= / r(l + t^- A W(y))|l + |7^- A W(y)| 4 ^ 

yGfiJOf 
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8.2.1 The representatives with X\ — fa < s 



Note that 



h=C f X *(l + -^ > - h N(y))dy = D f Z *(l + ^z x ^ +l N(y))dy 
J £2 J £2 



yemo F yeOp 
By Lemma |4~3l this integral vanishes. 

Showing I\ = : 



h= J x*{K X[ £\ + K X2 £2N{t))\% Xi ex + it X2 e 2 N{t)\ s 'dt = 
teo F 

9 -2Aa», f x *^ n h-h^ +N ( t ^\ n h-h^L +N ^ dt 
J £2 £2 



xeo F 



This is most complicated and tricky, we prove it with careful steps: 



Step 1: 

We Show that If < m < s 



h=A f x*{n m -+N{t))\n m -+N{t)\ Sl dx = 
J £2 £2 



xeO F 

Decompose the integral to U(D'0* F 



h=A£ [ X *(n m ^+N(t))\n"^+N(t)\^dt 
i J £2 £2 

m l o F 

For i < m the absolute value is constant, so on each term. We substitute t = u~ 

get: 

x *(n m - i ^+N(t))dt=B f x*{\ + n m - i£ -^-N{u))du 



£2 J £2 



o F o* F 



By Lemma Ek4l this integral vanishes. 
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So we have: 



7 i= A E / X*^'"-+N(t))\n'"^+N(t)\^dt 

GJ'O* 

= / X*{^ m -+N{t))\7i m ^+N(t)\^dt 
J £2 £2 

m m o F 

On the space GS"' +1 0f the absolute value is constant again, Substitute u — (D~ m ~ l t: 

[ X*(n m -+N(t))dt = C fx*(- + nN{u))du = 
J £2 J £2 

m m+l F O f 

By Lemma H31 

So we conclude that: 

h=A f x*(n m -+N{t))\n m ^+N{t)\ s idt 
J £2 £2 

m m o* F 

Substitute u = GJ~ m t to get: 

h=C f X *(^ +N (t))\^+N(t)\^dt (8.3) 
J £2 £2 

xeo* F 

Observe that the integrand is not a locally constant function. 

Step 2: 

We compute the integral in d8.31 > on cosets of the group: — — — 



\+mo F 



X^T +m))\ E i +N{tTdt = £ f +N(t))\j- +N(tTdt. 

£2 £2 'J £2 £2 



h,(1+0JOf) 

Note that the integrand is invariant to the substitution, it follows that: 



We substitute on each term u — a, t 
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J £2 £2 

l+STOf 

Let {el + (DOf- we prove: 

/= J x *{c+mM+m\ si dx=o. 

\+mo F 

We decompose the integration on spaces such that the absolute value would be 
constant. 

We have that (up to a measure zero subset): 

N(1 + ®0 F ) C \ + %O e = U(l + n j O* E ). 

Observe that: 

U {l + n j O* E )= U (-Z + n j O E ). 

Now we calculate J on the spaces N~ l (— £ + K^O* E ): 

J=t [ X*(C+N(t)M+N(t\ Sl dt 
j= l , J 

N- l (l+MO* E ) 

If < j < s , the inverse image N~ l (—£ + ft'0* E ) is a disjoint union of coset 
Ua kJ (l+® s+l O F ) . 

For s < j, N~ { (— £ + 7t'0* E ) can be represented as union of + GJ ;+1 0f) 
We compute the integral on each coset: 

JV-^I+BJOf) 

E / r(c+^(0)ic+^(or*= 

N-H-t;+nJO* E ) 

EE / r(c+^(0)ic+^(or*+ 

a tj (l+ST'+10f) 

EE / z*(c+iv(0)ic+^(or*- 

/ > v k " 

■ ' b kJ (l+BSj+ l O F ) 
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Since for every t e a k j(l + UJ s+1 Of) we have that \C,+N(t)\ E = q~ j , after the 
substitution: v = £ + N(t) , each one of the domains of integration a^j{\ + n s+1 Op) 
can be represented : 

niriij + n^OE, fyj e 0£ 

And so we have that: 

/ X*(C+N(t))\C+N(t)\ Sl dt=D iJ J X *(v)\v\ Sl dv. 

a Kj (l+m s + l O F ) nJriij+n^OE 

Substitute u = n~ j r\7jv to get: 

J x*(v)W\ s> dv = E lJ J x*(t)dt = 
Because x* is a non trivial character on 1 + k s+1 ~^Oe- 

A similar trick will show that the integral / x*(£+N(t))\£+N(t)[ n dt = 

b kJ (i+mJ+ l O F ) 

0. 

We deduce that: J = h = 

In conclusion h = h = =>■ L(x, X* , X2 , z) = 0. 



8.2.2 The representative with X\ — X 2 = s'. 

Suppose X\ — X 2 = s 

In this case the 



h= f x*(l + -x Xl ~ X2 N(yW + -n^ 2 N(y)\ sl dy^0 
J £2 £2 



yemo F 

but we have: 



h+h=h- [ X*(x h ~ h -+N{t))dt+ [x*(7Z Xl - l2 -+N(t))dt + I 2 
J £2 J £2 
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Note that by substituting t H> t we have:: 

0* F ~ o* 

By Lemma POl the sum of the integrals vanish: 

/ x*(^ l2 -N(t) + l)dt + I 2 = f x*(l + n ll ~^—N(t))dt = 
J £2 J £2 



Hence: 



h+h = h- [x*{n l, - l2 -+N(t))dt. 
J £2 



But: 



h- ( %*{n Xl - h -+N{t))dt = C [ \n x ^-+N{t)\x*{n x ^-+N{t))dt 
J £2 J £2 £2 



mo F 



D [ \n x ^ h -- 1 ^- +N{t)\x*{n Xi -^- l - 
J £2 £2 

Of 

The last integral vanish by Subsection l8.2.1l (Ai — A2 < s). 



8.3 The diagonal representatives with X\ — X2 > s 

This is the only case where the spherical function do not vanish and Xi = X* 



q h ^ L q XlZ2 +XlZl X2{£ \£2)X*{£2) , 
q- l + \ 



L{x,Z ,X2,si,S2) = rj— ; [h+h\ 



h = [x*{n Xl ~ X2 —+N(t))\n Xl - l2 —+N(t)\ sl dt 
J £2 £2 



Of 



h= I X*^ + -^ h N{y))\l + -n x ^N{yTdy 
J £2 £2 



yemo F 
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Since 1 + ^riz^ [ **N(y) is anormifyeGJOf it couldbe shown easily that/2 = q l . 
We integrate I\ on the spaces U (U'0* F : 

• If Ai - A 2 - s > i and f G GJ'O^ then 7T' ll_;l2 f£ + JV(f ) is a norm and 

f z *(^l-^£i +A? ( f ))|^ 1 -^^. + ^^|.v l£/x = ? -2 1 -.v 1 -,( 1 _ ? -l) 

y £2 £2 



So 

Ai — Xj— s— 1 



/i= ' t (1-9 _1 )9- 2M - J + £ / z *(^ 1 -^£i +A , (f)) |^ 1 -A 2 £i +A?(f)| .v I ^ 

;=0 ,>A,-A 2 -. S •/ , 62 62 



m'0* P 



For i = Ai - Az - 5, we have that if t € CJ'O^ then 1 7^1 " A 2 f- +N{t)\ s> = q~ 2i ^ : 



f j^^-ia?L + ff(t))\^-^ — +N{t)\' l dt = q- 2i -' 1 [ x*(n X[ ~ h — +N{t))dt 
J £2 £2 J £2 



Substituting u = flj'f 1 , we get: 



q -2i- H f x *( 7C *>i-h* +N ( t )) dt = q -2m-i f X *(\+K s —N{u))du. (8.4) 
J £2 J £2 

xem'o* F o* F 

By Lemma l4~3l 



/ x*{\ + ^-N{t))dt = 0^ [ x*{\+K s ^N{t))dt = - [ x*{l+K s -N{t))dt = -q- 1 
J £2 J £2 J £2 

mo 



(8.5) 
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Substituting d8.5b to Eq l8.4l . we get that for i = Ai — X% — s: 

! X*{7Z X '- h —+N{t))\K X ' - Xl - — +N(t)\ Sl dt = -q- 2is >- 
J £2 £2 



So: 

X\ —Xo—s— 1 



/ 1= £ (1 _ g -l} q -2j Sl -j _ q -2(Xi-X 2 - s y sl -(X l -X 2 -s)- 

J %*{n Xi - h ^+N{t))\n ll - Xl ^+N{t)\ sl dt 
m h-h- s + l o F 



Note that: 



/ y*(7r A »- ;i2 -+Mf))k Al_;i2 -+^(f)| 1 Vf : 
J £2 £2 

m h-h~ s+1 o F 

C 1 fx*(^ + n- s+1 N{t))\^+7C- s+1 N(t))\^dt = 
F 

C 2 [x*(^- 1 j-+N(t))\^- 1 +N(t))\ Sl dt 
J £2 £2 

Of 

We apply the case of X\ — X2 < s to get that: 

C 2 J x\K s - l ^+N(t))\^x s - x +N{tWdt = Q 



Of 

Altogether: 

h = [ X*{x h ~ h - +N(t))\n X[ - X2 - +N(t)\ Sl dt = 
J £2 £2 

F 

Ai — A2 — ^ — 1 

, 1_ Jh-h-s>(2zi-2z 2 ) „ ^ , 
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Recall that: 



After simplifying: 



+ « (A 1 -^ 2 -. S )(2z 1 -2z 2 )-l ] 



After further simplification: 



Lf* y* r, „ ^ - ^g A ' Z2+ ^ 1 Z2(£i£ 2 )r(£ 2 ) 

+ 1 



2zi-l _ 2z 2 + (A,-A2-.«)-(2zi-2z 2 )+2z 2 _ (A 1 -A 2 -s)(2z 1 -2z 2 )-l+2z 1 
+ — + ■ 



q 2z i—q 2z i q 2z i—q 2z i q 2z i — q 2z 2 



q b ^ ± X2{£\£2)x*{£2)q 2szi {q 2z2 - q 2zi ~ l ) {q x ^+ x ^- 2sz ^ - ^1*2+^1 -2« 2 ) 
~ <i ' ■ \ q 2zi - q 2zi 

We represent the function in a more symmetric form: 

1 T </ ae z 2 q h 
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